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Abstract
This paper presents calculations of the magnetic moments, the quadrupole moments, and the
form factors of a number of titanium isotopes as determined using the shell model space. The
calculations of the shell model have adopted the model space (MS) with core-polarization
effects, which were included for two types of effective g factors and different effective charges.
The wave functions are generated using the harmonic oscillator potential (HO) with size
parameters b, which for these isotopes are calculated. The one body density matrices (OBDM)
for these isotopes were obtained using the NuShellX@MSU code, which used an adopted fpd6
interaction and fp model space. Reasonable results are obtained that show the collapse of the
magicity property at neutron number N=28.

Keywords: electric quadrupole, magnetic moment, form factor, interaction, effective charges,
shell model

(Some figures may appear in colour only in the online journal)

1. Introduction

Calculations to determine the magnetic dipole moments,
electric quadrupole moments, and form factors, give exten-
sive information about the structure of nuclear states, nuclear
moments, nuclear deformation, and the way charge is dis-
tributed around the atom. Electromagnetic moments are
considered to be amongst the most basic probes one can use
to obtain information about the nuclear structure throughout
the entire nuclear chart. The magnetic moments of nuclei are
highly sensitive to the orbits occupied by the valence
nucleons, where magnetic moments offer a perfect test of the
purity of a specific configuration mixing shell model [1]. The
static electric quadrupole moments (Q.M) of nuclei can pro-
vide a measure of their nuclear deformation. The differences
in their magnitudes and signs vary as a function of the charge
number, A, and mass and atomic number, Z, are sensitive
measures of the many-particle structures of the nuclear wave
functions [2]. Microscopic theory can be used to calculate the

quadrupole moment of a nucleus [3]. The types of the
quadrupole moments, which is a measure of the deformation
of the nucleus, are can be categorised as oblate (Q.M<0) or
prolate (Q.M>0). In the nuclear state, the magnetic moment
of a nucleus with spin I and with a nuclear gyromagnetic ratio
(g) is given by μ=gIμN. The nuclear magneton μN is a unit
of experimental magnetic moments but experimental methods
tend to act as measures of the nuclear g factor. In both cases,
however, this represents a way to calculate the unknown spin
of an exotic nuclear state. This can be achieved by comparing
the experimental magnetic moment to model calculations or
by comparing the values of a similar state to the measured
values. The fpd6 interaction for two-body was derived for
nuclei in the lower part of the 0f1p shell using two-body
matrix elements to 61 binding and fitting semi-empirical
potential forms and excitation energy data in the mass range
A=41 to 49. Excellent reproduction of ground state magn-
etic moments and quadrupole moments is gained with fpd6
interactions [4]. Elastic electron-nucleus scattering can be
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used as a handy tool to investigate the shape and size of stable
nuclei [5]. Electron scattering calculations for the nucleus
employ the exact phase-shift analysis of the Dirac equation.
This method agrees with the so-called distorted wave Born
approximation (DWBA) [6].

In the present work, the magnetic dipole moments, the
electric quadrupole moments, and elastic longitudinal electron
scattering form factors are calculated for selected Ti isotopes
using the fp shell model space with a fpd6 two-body effective
interaction [4]. The Ti isotopes investigated in the present
work are from the very interesting region near Z=20 and
between the neutron shell closures at N=20 and 28. The 44Ti
isotope is of particular interest since, in contrast to other Ti
isotopes, it is predicted to have a dominant 40Ca+α cluster
structure in its ground state. The calculated results were
compared to available experimental data. These Ti isotopes
are composed of a 40Ca core and active valence nucleons
distributed in the fp-shell. The core-polarization (CP) effects
are included through effective g factors and effective charge.

2. Theory

For electric 2L pole transitions, the operator is defined [7] as:

ò r=O ELM r r Y r dr, 1op L
LM( ) ( ) ( ˆ) ( )

r rop( ) denotes the charge densities that are considered to be
operators.

The nucleons are considered to be nonrelativistic point
particles with a charge and/or magnetic moment. Therefore,
one may write the charge density operator as
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where e(k) denotes the charge of nucleon k, i.e., e(k)=0 for a
neutron and e(k)=e for a proton. Substituting equation (2) in
to equation (1) gives the operator for an electric transition [7]
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where the orbital g-factor is introduced as gl=1 for a proton,
and gl=0 for a neutron.

The second term in equation (5), resulting from the
convection current, contains the operator l(k)=r(k) ×p(k)/,
which does not act on  k r k Y r k ,L

LM( ) ( ) ( ˆ ( )) but only on the

nuclear wave functions when the matrix element is taken [7]
and the mN denotes, to the unit of the nuclear magnetic
moment, i.e., the nuclear magneton, while Mp denotes the
proton mass.
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The final expression for magnetic 2L pole moment is:
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For the case of L=1 equation (7) assumes a particularly
simple form after substitution of p =r Y gl l3 4 .z1

10 ] / The
magnetic dipole moment μ of a state of total angular
momentum J from [7].
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For J = 1, the μ is defined by the m1 operator as [8]
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where á ñJ O m J1 ,∣∣ ˆ ( )∣∣ the operator of the magnetic transition,
mN is taken from equation (6).

The orbital and spin free nucleon g factors for a proton
are g l (p)=1 and, g s (p)=5.585, and for neutron, they are
gl (n)=0, and g s (n)=−3.826 [7].

In nuclear physics, the quadrupole moment (in the state
M=J) is referred to the spectroscopic or static quadrupole
moments [8]:
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where the electric transition operator O E2ˆ ( ) is defined from
equation (4) [9].

The nuclear matrix element is á ñJ O E J2∣∣ ˆ ( )∣∣ where Ji is
represents the initial nuclear states and Jf represents the final
nuclear states for multipolarity (λ) is equal to the products of
the single-particle matrix elements and the one-body density
matrix (OBDM) [9]
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The single-particle states are represented by the difference
between ¢j and j for the states of the shell model. The
effective charges (e teff

z( )) only includes the model space (MS)
of the electric matrix element M(EJ)
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The effective charges was calculated via [8]:
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Longitudinal electron scattering operator is defined as [10]
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The longitudinal electron scattering form factor of the nucleus
is defined as [10]:
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From the shell model, the correction of the form factor by
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correction for the form factor of the center of mass of the
nucleon (the lack of translational invariance) is calculated via

=F e ,c m
q b A

.
42 2/ where the b size parameter is the length

parameter of the harmonic oscillator (HO), and A is the mass
number [8].

3. Results and discussion

In the present work, the magnetic dipole moments ‘μ’, the
electric quadrupole moments ‘Q.M’ and form factor ‘F.F’ have
been calculated for various Ti isotopes with different effective
charges. In particular, 43Ti (N=21; 19/2−), 44Ti (N=22; 2+),
45Ti (N=23; 7/2−, stable), 46Ti (N=24; 2+), 47Ti (N=25;
5/2−), 48Ti (N=26; 2+), 49Ti (N=27; 7/2−, stable), 50Ti
(N=28; 2+), and 52Ti (N=30; 2+). The calculations were
performed with a restricted fp shell model space which consisted
of 1f7/2, 2p3/2, 1f5/2, 2p1/2 orbitals and

40Ca as an inert core.
The one-body density matrix (OBDM) element was

calculated via the NuShellX@MSU code [11], were per-
formed using the fpd6 interaction [4] and with valence (fro-
zen) protons are restricted to the 1f7/2 orbit and neutrons
N �20, which covered the 1f7/2, 2p3/2, 1f5/2, and 2p1/2 orbits.
The CP effects were included through the effective g factors
and the effective charge for fp model space . The size para-
meters b and the harmonic oscillator (HO) potential are
adopted to calculate the radial wave functions of the single-
particle matrix elements. The size parameters b of a number
of the Ti isotopes were calculated via their mass number (A):

w
=b

M
,

P

ћ
where w = -- -A A45 251 3 2 3ћ / / (Mp=

mass of proton) [12].

3.1. Nuclear magnetic dipole moments

Magnetic dipole moments were calculated using both types of
g-factor and the results compared with experimental data

Table 1. The calculated the magnetic dipole moments (μ) in units mN using (a) free g factors [7] and (b) effective g factors [9] for the
43,44,45,46,47,48,49,50,52Ti isotopes. The results were compared with experimental data (mexp) taken from [13].

4

Free g factors.(gs
p=5.586 gs

n=−3.826, gl
p=1.000 gl

n=0.0) [7].
5

Effective g factors.(gs
p=5.055 gs

n=−3.19, gl
p=1.06 gl

n=0.0) [9].

3

Phys. Scr. 95 (2020) 105306 A H Ali and A A Alzubadi



taken from [13]. The theoretical values of the magnetic dipole
moment, μtheo, for the

43Ti (Jπ=19/2−) isotope were cal-
culated using free nucleon g factors (gs

p=5.586
gs

n=−3.826, gl
p=1.0 gl

n=0.0) [7] and effective nucleon
g factors (gs

p=5.055 gs
n=−3.19, gl

p=1.06 gl
n=0.0) [9]

which give m m= 7.378, and 7.6317 ,N respectively. These
results are close to the experimental data m m= 7.22 1 Nexp

[13]. The μtheo calculated for the 44Ti (Jπ=2+) isotope
using free g factors and effective g factors [9] give
m m= 1.02 and 1.0905 ,theo N respectively. These results
agreed with the reported experimental mexp [13]. The μtheo
determined for the 45Ti (Jπ=7/2−) isotope using the free g
factor and effective g factors gave m = -0.35theo and

m-0.1181 N which underestimated the experimental data
[13]. The theoretically determined μtheo for the 46Ti
(Jπ=2+) isotope using free g factors and effective g factors
gave m m= 0.66 and 0.7386 ,theo N predictions which are still
reasonably close to the experimental data [13]. The theoreti-
cally determined μtheo for the

47Ti (Jπ=5/2−, stable) isotope
using free g factors was m m= -0.93 ,theo N which under-
estimated mexp [13], while using effective g factors [9] is in

good agreement with the experimental data [13]. The theo-
retically determined value of μtheo for the 48Ti (Jπ=2+)
isotope using free g factors, was close to mexp [13], while the
result using effective g factors was in good agreement with
the experimental data [13]. The μtheo calculate for the 49Ti
(Jπ=7/2−, stable) isotope using the free g factors was close
to the experimental data [13], and in good agreement with
experimentally determined magnetic moments [13] when the
effective g factors were used. The μtheo for the

50Ti (Jπ=2+)
isotope with the free g factors and the effective g factors both
underestimated the experimental data [13]. The μtheo for the
52Ti (Jπ=2+) isotope using the free g factors and the
effective g factors underestimated the experimental data [13].
To illustrate the above in a more straightforward manner, the
calculated results are tabulated in table 1 and illustrated in
figure 1 in comparison with the appropriate experimental data.
It may be noted that the deviation between the calculated and
the experimental data is greatest when using the free nucleon
g factors, whereas the effective nucleons g factors were in
agreement with experimental for most isotopes.

 
Figure 1. Comparison between theoretically calculated data and the experimental data taken from [13] for the 43,44,45,46,47,48,49,50,52Ti
isotopes. Scattering around mexp = mtheo is studied.
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3.2. Electric quadrupole moments

Theoretical electric quadrupole moments ‘Q.Mth’ were cal-
culated for the 43,44,45,46,47,48,49,50,52Ti isotopes using different
effective charges. Various different effective charges are
adopted in the present work, the first being the Bohr-Mot-
telson effective charges (B-M) [8, 14] which is calculated
according to equation (13) for each isotope, and as reported in
table 2. Figure 2 shows the theoretical quadrupole moments
calculated for all the selected Ti isotopes in comparison with

the available experimental data. Inspection of these curves
reveals that calculated values for the 43Ti (N=21, 19/2−)
isotope were underestimated compared to the experimental
data. These values indicated in the 43Ti nucleus was predicted
to be oblate with a neutron number of N=21. The theoretical
values for the quadrupole moments ‘Q.Mth’ for

44Ti (N=22,
2+) were calculated using different effective charges. These
values indicate the oblate deformation in the 44Ti nucleus;
unfortunately, the experimental data for this nucleus is una-
vailable, and needs further investigation. The Q.Mth for 45Ti

Table 2. The theoretical calculated values of the quadrupole momentsQ M. th (units of e fm
2) for the 43,44,45,46,47,48,49,50,52Ti (Z=22) isotopes.

The experimental electric quadrupole moments (measured) Q M. exp are taken from [13]. Calculations used the fpd6 interaction [4], B-M
effective charges [14], conventional effective charges Con (ep=1.3 e, en=0.5 e) [15], and standard effective charges ST (ep=1.36 e,
en=0.45 e) [16], from the NushellX program Nu (ep=1.5 e, en=0.5 e) [17], Emp.1 (ep=1.23 e, en=0.54 e) and Emp.2 effective
charges (ep=1.01 e, en=0.1 e).
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(N=23, 7/2−) were calculated, and were found to be in
agreement with Q.Mexp [13] within the bounds of the asso-
ciated errors. These values indicate the 45Ti nucleus has an
oblate shape. The Q.Mth calculated for 46Ti (N=24, 2+)
were close to the associated Q.Mexp, again within exper-
imental error bounds, except for the Q.Mth determined using
the Emp.2 effective charges, which overestimated the Q.Mexp.
The results further indicate that the 46Ti nucleus is oblate,
where the four neutrons are distributed in 1f7/2 orbit. The
Q.Mth calculated for the 47Ti (N=25, 5/2−, stable) isotope
were in agreement with Q.Mexp [13] within the bounds of
experimental error, again with the exception of that deter-
mined using Emp.2 effective charges, which underestimates
the experimental Q.Mexp. The nucleus in this case shows a
prolate deformation, and with five neutrons distributed in the
1f7/2 orbit. The Q.Mth calculated for the 48Ti (N=26, 2+)
isotope using, CON, NS, and Emp.2 effective charges were
all close to the experimentally determined values; of Q.Mexp.
However, the results using, B-M, ST, and Emp.1 effective

charges overestimated the experimental data. These results
indicated a large oblate deformation for this particular
nucleus. The Q.Mth for the 49Ti (N=27, 7/2−, stable) iso-
tope was in line with Q.Mexp [13] within the bounds of
experimental error, where nine neutrons are distributed in
1f7/2 and 2p3/2 orbits. However, the Q.Mth determined using
Emp.2 effective charges is close to the experimental data. The
Q.Mth values calculated for the 50Ti (N=28, 2+) isotope,
were close to the associated experimental data of Q.Mexp [13]
within the bound of experimental error. The above indicates a
prolate deformation although the number of neutrons
(N=28) is a magic number. Here, the shell closure collapses
magicity and the disappearance of magicity for N=28
(magic number) progressively with spherical shell closures.
Calculations using the shell model indicate that 50Ti is best
described as having a small deformed prolate shape. The
Q.Mth values calculated for the 52Ti (N=30, 2+) isotope,
(using all effective charges) cannot be compared experimental
data. This isotope shows an oblate deformation in the nucleus

Figure 2. The theoretical calculated values for the quadrupole moments Q M. th (units of e fm2) for the 43,44,45,46,47,48,49,50,52Ti (Z=22)
isotopes and the experimental electric quadrupole moments (measured)Q M. exp are taken from [13]. The B-M effective charges [14], CON
(Con (ep=1.3 e, en=0.5 e) [15], the ST (ep =1.36 e, en=0.45 e) [16], are from the NushellX program (ep=1.5 e, en=0.5 e) [17], the
Emp.1 (ep=1.23 e, en=0.54 e), and the Emp.2 effective charges (ep=1.01 e, en=0.1 e).
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Figure 3. Comparison between the calculated (theoretical) and experimental (taken from [13]) quadrupole moments for isotopes Ti (Z=22 ,
A=43, 44, 45, 46, 47, 48, 49, 50, 52) with several effective charges, such as B-M, CON, ST and with the effective charges from the
NushellX program (Nu) ep=1.5e and en=0.5e [17]. The straight line represents the line Qexp=Qtheo.

Figure 4. The form factors for 43Ti using different effective charges, Experimental data are not available.
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which has the neutrons (N�20) distributed in 1f7/2 and
2p3/2 orbits, as shown in table 2 and figure 2.

Figure 3 shows a comparison between the calculated
(theoretical) and experimental data of the quadrupole
moments using several different effective charges. The
straight line represents the experimental data of Qexp being
equal to the calculated values (theoretical) of Qtheo, where the
better theoretical values, that is, the closest to the straight line
(Qexp=Qtheo), were determined using the Nu and CON
effective charges.

3.3. Elastic longitudinal electron scattering form factors

Elastic longitudinal electron scattering form factors for the
43,48,50Ti isotopes have been calculated using different nuclear
effective charges, the result of which are presented in
figures 4–6, respectively. These calculations are performed
using the fpd6 effective interaction for the fp-shell model
space to generate the OBDM elements. As mentioned pre-
viously, the wave functions for single-particle matrix ele-
ments were calculated using an HO potential [18]. Figure 4
shows the behaviour of the form factor for the 43Ti
(Jπ=19/2−) isotope using different effective charges.
Unfortunately, there is no available experimental data for this

isotope. For the 48,50Ti isotopes, the elastic longitudinal
electron scattering form factors are depicted in figures 5 and
6. For the 48,50Ti (Jπ=2+) isotopes, it is clear that the cal-
culated form factors are in a good agreement with exper-
imental data [19] using the ST effective charge in the low
momentum transfer region, but with the deviation progres-
sively increasing and ultimately overestimating the exper-
imental values. The form factor for 50Ti isotope is shown in
figure 6 in comparison with the experimental data taken from
[20]. It is obvious that the calculated form factors are in
reasonable agreement with the general trend of the exper-
imental data although the calculated form factors under-
estimate the experimental values for the momentum transfer
region up to q<1 fm−1 and overestimate the experimental
values for the region up to q>2.5 fm−1. However, they were
close to the experimental values for q<2.5 fm−1.

4. Conclusions

Magnetic dipole moments, quadrupole moments, and form
factors for various isotopes of Ti were calculated using the
fpd6 interaction, as were magnetic dipole moments by the
inclusion of the core polarization with effective free nucleon g

 
Figure 5. Comparison between the theoretical calculated and experimental of form factors for 48Ti. Experimental values are taken [19].
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factors and effective nucleon g factors The magnetic dipole
moments calculations using the free nucleon g factors and the
effective nucleon g factors were in good agreement within
the bounds of error, with the experimental data for
43,44,46,47,48,49,50Ti isotopes, while the magnetic dipole
moments calculated underestimated the experimental data for
45,52Ti isotopes. The calculations of quadrupole moments
were performed by using the inclusion of the core polarization
with effective charges. The quadrupole moment calculations
were performed using the B-M, Con (ep=1.3e, en=0.5e),
ST (ep=1.36 e, en=0.45 e), Nu (ep=1.5 e, en=0.5 e),
Emp1 (ep=1.23 e, en=0.1 e), Emp2 (ep=1.01 e, en=
0.1 e) and the fpd6 interactions. The theoretical quadrupole
moments for the 45,46,47,49,50Ti isotopes, as found using var-
ious effective charges, were in excellent agreement with
experiment, with the exception of 46,47Ti using Emp2. The
theoretical quadrupole moments for 48Ti are in agreement
with the experimental data when using the CON and NU
effective charges. We can deduce that the magicity of 50Ti
(N=28) shell closure is progressively vanishing, with the
nucleus appearing as a small deformed a prolate shape. The
best results for the theoretical quadrupole moments were
obtained from Con and Nu effective charges using the fpd6
interaction. The behaviour of the form factors has been stu-
died for various isotopes Ti using different effective charges

and the fpd6 interaction. The form factors for 48,50Ti, when
using the core polarization, have constructive and enhance-
ment properties, with the results so obtained being in close
agreement with the experimental values for 48Ti. However,
the results were not in such good agreement in the low
momentum transfer q region for 50Ti, and more in the region
of high momentum transfer q. This implies that further
theoretical efforts are needed to examine this state.
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